Abstract. Let G be a countable discrete amenable group, and Λ be a strongly connected finite k-graph. If (G, Λ) is a pseudo free and locally faithful self-similar action which satisfies the finite-state condition, then the structure of the KMS simplex of the C*-algebra OG,Λ associated to (G, Λ) is described: it is either empty or affinely isomorphic to the tracial state space of the C*-algebra of the periodicity group PerG,Λ of (G, Λ), depending on whether the Perron-Frobenius eigenvector of Λ preserves the G-action. As applications of our main results, we also exhibit several classes of important examples.
Introduction
Self-similar k-graph C*-algebras were initially studied by the authors in [21] . These algebras embrace many known important C*-algebras as special classes, such as k-graph C*-algebras introduced by Kumjian-Pask [17] , ExelPardo algebras [12] , unital Katsura algebras [16] , and Nekrashevych algebras [23] . Roughly speaking, a self-similar k-graph C*-algebra O G,Λ is a universal C*-algebra generated by a unitary representation u of G and a Cuntz-Krieger representation s of a k-graph Λ, which are compatible with the ambient selfsimilar action of G on Λ: u g s µ = s g·µ u g|µ for all g ∈ G and µ ∈ Λ.
The study of KMS states has been attracting a lot of attention. See, for example, [1, 13, 14, 18, 19] to name just a few, and the references therein. For a self-similar k-graph C*-algebra O G,Λ , there is a natural gauge action γ :
Then there is an action α of R on O G,Λ such that α t = γ e itr . So it is natural to study the KMS states of the one-parameter dynamical system (O G,Λ , R, α). It turns out that, for 0 < β < ∞, the existence of a KMS β state uniquely determines r ∈ k i=1 R. Therefore, in this paper we assume that β = 1 (see Section 6.1), and compute the KMS 1 states of the preferred dynamical system, which are simply called the KMS states of O G,Λ . Based on the results in [13, 14, 18, 19] , one can not expect to compute the KMS states of O G,Λ in general. Here, we suppose that Λ is a strongly connected finite k-graph, and that the self-similar action (G, Λ) is pseudo free, locally faithful, and satisfies the finite-state condition (see Definition 2.3) . Under these natural conditions, it turns out that the KMS simplex of O G,Λ has a rather nice and neat structure, which unifies some known results in [13, 14, 18, 19] .
Usually, one starts with computing the KMS states of the corresponding Toeplitz-type algebras, and then checks when they can be factorized through the Cuntz-Krieger-type algebras. In this paper, our strategy is different: we attack the Cuntz-Krieger-type algebras O G,Λ directly. To achieve our goal, we take advantage of the following features of a self-similar action (G, Λ): (1) the G-periodicity Per G,Λ of (G, Λ) forms a subgroup of Z k (Theorem 4.8); (2) there is a canonical Cartan subalgebra M G,Λ , which we call the self-similar cycline subalgebra of O G,Λ (Theorem 5.6); and (3) M G,Λ is isomorphic to the tensor product of the group C*-algebra C * (Per G,Λ ) and the diagonal subalgebra D Λ of the k-graph C*-algebra O Λ (Theorem 5.7). Then our structure theorem, Theorem 6.12, states that the KMS simplex of O G,Λ is affinely isomorphic to the tracial state space of the periodicity group C*-algebra C * (Per G,Λ ) if the Perron-Frobenius eigenvector of Λ preserves the Gaction on the vertex set Λ 0 (see Remark 6.3) . Two interesting applications of our main results are also given (Corollaries 6.13 and 6.14).
In order to obtain feature (1), we thoroughly analyze the G-periodicity theory of the self-similar action (G, Λ) in Sections 3 and 4. Our results also unify some periodicity theory for k-graphs [14, 25, 26] . To get feature (2), we borrow our approach from [3] , and invoke the nice criterion of Cartan subalgebras for groupoids in [5] . Feature (3) heavily depends on the detailed descriptions of the KMS simplex of O G,Λ given in Theorems 6.10 and 6.11.
Several classes of examples are exhibited in Section 7 as concrete applications of our main results.
We should mention that our approaches here are much motivated by [14] although different.
Let us end the introduction by fixing our notation and conventions.
Notation and conventions. Denote by N the set of all nonnegative integers. Let k be a fixed positive integer, which is allowed to be ∞. Denote by {e i } k i=1 the standard basis of N k . For n, m ∈ N k , denote by n ∨ m (resp. n ∧ m) the coordinatewise maximum (resp. minimum) of n and m. We also use the multi-index notation:
T and n ∈ N k . The identity of a group G is denoted as 1 G .
Preliminaries
Some necessary background is provided in this section. The main sources are [14, 17, 21] .
2.1. k-graph C*-algebras. A countable small category Λ is called a kgraph if there exists a functor d : Λ → N k satisfying that for µ ∈ Λ, n, m ∈ N k with d(µ) = n + m, there exist unique β ∈ d −1 (n) and α ∈ d −1 (m) such that µ = βα. A functor f : Λ 1 → Λ 2 is called a graph morphism if
Let Λ n := d −1 (n). Then Λ is said to be row-finite if |vΛ n | < ∞ for all v ∈ Λ 0 and n ∈ N k ; finite if |Λ n | < ∞ for all n ∈ N k ; source-free if vΛ n = ∅ for all v ∈ Λ 0 and n ∈ N k ; and strongly connected if vΛw = ∅ for all v, w ∈ Λ 0 .
A very important row-finite source-free k-graph is Ω k which is defined as follows. Let Ω k := {(p, q) ∈ N k × N k : p ≤ q}. For (p, q), (q, m) ∈ Ω k , define (p, q) · (q, m) := (p, m), r(p, q) := (p, p), s(p, q) := (q, q), and d(p, q) := q − p. An infinite path x of Λ is a graph morphism from Ω k to Λ. The set of all infinite paths of Λ is denoted by Λ ∞ .
For a row-finite source-free k-graph Λ, the k-graph C*-algebra O Λ is the universal C*-algebra generated by a Cuntz-Krieger Λ-family, which is a family of partial isometries {s λ : λ ∈ Λ} satisfying (CK1) {s v } v∈Λ 0 is a family of mutually orthogonal projections; (CK2) s µν = s µ s ν if s(µ) = r(ν); (CK3) s * µ s µ = s s(µ) for all µ ∈ Λ; and (CK4) s v = µ∈vΛ n s µ s * µ for all v ∈ Λ 0 , n ∈ N k . Let D Λ := C * ({s µ s * µ : µ ∈ Λ}) be the diagonal subalgebra of O Λ . From now on, all k-graphs are assumed to be row-finite and source-free.
2.2.
The Perron-Frobenius theory for k-graphs. In this subsection, we recall the Perron-Frobenius theory of strongly connected finite k-graphs from [14] . It is worth mentioning that, as shown in [14, Lemma 2.1], a strongly connected k-graph is always source-free and sink-free.
Let Λ be a strongly connected finite k-graph. 14] ). Let Λ be a strongly connected finite k-graph. Then the following properties hold true.
(
2.3. Self-similar k-graphs. In this subsection, we recall the definitions of self-similar k-graphs and their associated C*-algebras introduced by the authors in [21] , which are generalizations of Exel-Pardo C*-algebras for directed graphs (i.e., 1-graphs) studied in [12] . Let Λ be a k-graph. A bijection π : Λ → Λ is called an automorphism of Λ if π preserves the degree, source and range maps. Denote by Aut(Λ) the automorphism group of Λ.
Let G be a (discrete countable) group. We say that G acts on Λ if there is a group homomorphism ϕ from G to Aut(Λ). For g ∈ G and µ ∈ Λ, we often simply write ϕ g (µ) as g · µ.
Definition 2.2 ([21, Definition 3.2]). Let Λ be a k-graph, and G be a group acting on Λ. Then we call (G, Λ) a self-similar action if there exists a restriction map
In this case, Λ is also called a self-similar k-graph over G. Definition 2.3. A self-similar action (G, Λ) is said to (i) be pseudo free if there are g ∈ G and µ ∈ Λ such that g · µ = µ and g| µ = 1 G , then g = 1 G ; (ii) be locally faithful if there exist g ∈ G and v ∈ Λ 0 such that g ·µ = µ for all µ ∈ vΛ, then g = 1 G ; (iii) satisfy the finite-state condition if for any g ∈ G, the set {g| µ : µ ∈ Λ} is finite.
Remark 2.4. Some remarks are in order.
(1) The local faithfulness condition is stronger than the faithfulness condition. A simple and useful observation is the following: if there are g ∈ G and v ∈ Λ 0 such that g · x = x for all x ∈ vΛ ∞ , then g = 1 G (see Subsection 2.4). (2) If (G, Λ) is a locally faithful self-similar action, then one can easily check that, in Definition 2.2, Condition (i) implies Conditions (ii)-(v), and so only Condition (i) is required in this case. This reconciles with the classical definition of self-similar groups in [22] . (3) The pseudo freeness plays an important role in [12, 21] in the study of self-similar C*-algebras. (4) For self-similar groups, the finite-state condition is closely related to the contracting property ( [22] ).
Definition 2.5 ([21, Definition 3.8])
. Let (G, Λ) be a self-similar action with |Λ 0 | < ∞. The self-similar k-graph C*-algebra O G,Λ is defined to be the universal unital C*-algebra generated by a family of unitaries {u g } g∈G and a Cuntz-Krieger family {s µ } µ∈Λ satisfying (i) u gh = u g u h for all g and h ∈ G;
(ii) u g s µ = s g·µ u g|µ for all g ∈ G and µ ∈ Λ.
Thus O G,Λ is generated by a universal pair (u, s) of representations, where u is a unitary representation of G and s is a representation of the k-graph C*-algebra O Λ , such that u and s are compatible with the underlying selfsimilar action.
Let us record the following result ([21, Propositions 3.12 and 5.10]) for later use.
2.4.
Path groupoid G G,Λ associated to (G, Λ). To a self-similar k-graph Λ over a group G, one can associate a path-like groupoid G G,Λ . For this, we must introduce more notation. Let C(N k , G) be the set of all mappings from N k to G, which is a group under the pointwise multiplication.
Define an equivalence relation ∼ on C(N k , G) as follows: for f, g ∈ C(N k , G),
Notice that (g ·x)(0, q) = g ·(x(0, q)). So we can write it as g ·x(0, q) without any obscurity. The self-similar path groupoid associated to the self-similar k-graph Λ over G is defined as
,
Endow G G,Λ with the topology generated by the basic open sets 
3. Characterizations of The G-Aperiodicity of Self-Similar k-Graphs
Let Λ be a pseudo free self-similar k-graph over a group G. Our main goal in this section is to characterize when Λ is G-aperiodic in terms of finite paths and cycline triples. These characterizations generalize some results on k-graphs in the literature ( [25, 26] ), and will be frequently used later.
Let C G,Λ denote the set of all cycline triples. Cycline triples are a generalization of cycline pairs for k-graphs in [4] (see also [27] ). Clearly, (µ, ν) is a cycline pair if and only if (µ, 1 G , ν) is a cycline triple. We use C Λ to denote the set of all cycline pairs for Λ.
Also, for every µ ∈ Λ, (µ, 1 G , µ) is obviously cycline. Such cycline triples are said to be trivial. . Let Λ be a self-similar k-graph over G. An infinite path x ∈ Λ ∞ is said to be G-aperiodic if, for g ∈ G, p, q ∈ N k with g = 1 G or p = q, we have σ p (x) = g · σ q (x); otherwise, x is called G-periodic. Λ is said to be G-aperiodic if, for any v ∈ Λ 0 , there exists a G-aperiodic path x ∈ vΛ ∞ ; and G-periodic otherwise.
Proof. (i) follows from the definition. For (ii), notice that from µg · x = νx for all x ∈ s(ν)Λ ∞ one has
Lemma 3.4. Let Λ be a pseudo free self-similar k-graph over G. Then x ∈ Λ ∞ is G-periodic if and only if σ n (x) is G-periodic for any n ∈ N k .
Proof.
Obviously it is sufficient to show the necessity. For this, let x ∈ Λ ∞ be G-periodic and n ∈ N k . Thus there are p, q ∈ N k and g ∈ G with p = q
But the action is pseudo free, we have g = 1 G , a contraction. Therefore, σ n (x) is also G-periodic in this case.
The following proposition is a generalization of [25, Lemma 3.2] , which uses finite paths to characterize the G-aperiodicity of (G, Λ).
Proof. The proof of "Only if":
First suppose that p = q. Since ϕ is G-aperiodic, there exists a Gaperiodic path x at s(µ). By Lemma 3.4, µx is G-aperiodic as well. Then
Now suppose that p = q (and so g = 1 G ). Fix ν ∈ s(µ)Λ satisfying that d(ν) ≥ p and that g| (µν)(p,d(µ)+p) = 1 G . Since ϕ is G-aperiodic, there exists a G-aperiodic path y at s(ν). Let x := νy. By Lemma 3.4, µx is G-aperiodic as well. Then
The proof of "If": We enumerate the countable set
The sequence (µ n ) ∞ n=1 uniquely determines an infinite path x ∈ Λ ∞ . Fix g ∈ G, p, q ∈ N k with g = 1 G or p = q. Then there exists N ≥ 1 such that (g, p, q) = (g N , p N , q N ). We aim to show that σ p N (x) = g N · σ q N (x) and we split into three cases.
Case 1: p N = q N . We calculate that
The proof is similar to Case 1 by using Condition (4).
Case 3:
Since ϕ is pseudo free, g N = 1 G which is a contradiction. Therefore
Proposition 3.6. Let Λ be a pseudo free self-similar action over G. Then Λ is G-aperiodic if and only if every cycline triple is trivial.
Proof. First of all, suppose that Λ is G-aperiodic. Let (µ, g, ν) be cycline. Since Λ is G-aperiodic, there exists a G-aperiodic path x ∈ s(ν)Λ ∞ . We calculate that
Since the self-similar action is pseudo free, we deduce that g = 1 G . We now suppose that every cycline triple is trivial. Fix µ ∈ Λ, g ∈ G, p, q ∈ N k with g = 1 G or p = q. In what follows, we verify that Proposition 3.5 (i)-(ii) are satisfied. We split into two cases. Case 1. p = q. To the contrary, assume that, for any ν ∈ s(µ)Λ with
By the assumption, one necessarily has p = q, which is a contradiction. Hence Proposition 3.5 (i) holds. Case 2. p = q. To the contrary, assume that there exists α ∈ s(µ)Λ with
. By the assumption, we have
So g| (µα)(p,d(µ)+p) = 1 G as the self-similar action is pseudo free. This yields a contradiction. Therefore Proposition 3.5 (ii) holds.
Combining Propositions 3.5 and 3.6, one has Theorem 3.7. Let Λ be a pseudo free self-similar k-graph over G. Then the following are equivalent.
(i) Λ is G-aperiodic;
(ii) for any µ ∈ Λ, g ∈ G, p, q ∈ N k with p = q or g = 1 G , Proposition 3.5 (i)-(ii) hold; (iii) all cycline triples are trivial.
The G-Periodicity Theory of Self-Similar k-Graphs
Pseudo free and locally faithful self-similar actions behave extremely well, and form a very interesting class of self-similar actions. One of most important features of these actions is that their properties mainly inherit from the ambient k-graphs. In this section, we study their G-periodicity theory thoroughly. The main results of this section are Theorems 4.8 and 4.10, which state that, for each such self-similar action (G, Λ), its periodicity Per G,Λ forms a subgroup of Z k , and the group C*-algebra C * (Per G,Λ ) is isomorphic to the C * -subalgebra of O G,Λ generated by the central unitaries V m,n (m, n ∈ N k with m − n ∈ Per G,Λ ).
First notice that, for a locally faithful action (G, Λ), if (µ, g, ν) ∈ C G,Λ , then (µ, ν) is a cycline pair for Λ if and only if g = 1 G .
The following is a simple but key observation, which plays a vital role in the G-periodicity theory for locally faithful self-similar actions (G, Λ).
The proofs of (i) and (ii) are similar. In what follows, we prove (i) only. For any x ∈ s(ν 1 )Λ ∞ , we have
4.1. Periodicity vs local periodicity vs cycline triples. Let (G, Λ) be a pseudo free and locally faithful self-similar action with Λ strongly connected. Denote by
the periodicity from cycline triples. For v ∈ Λ 0 , define the local periodicity of (G, Λ) at v as
and the periodicity of (G, Λ) as
In this subsection, we show that these three types of periodicity can be unified (cf. [10, 11, 14, 26] ). This turns out to be very useful for describing the KMS states of O G,Λ in Section 6. The theorem below is a variant of Theorem 3.7 combining with the definition of Per G,Λ . Theorem 4.2. Let Λ be a pseudo free, locally faithful self-similar k-graph over G. Then Λ is G-aperiodic ⇐⇒ all cycline triples are trivial ⇐⇒ Per G,Λ = {0}.
Lemma 4.3. Let (G, Λ) be a self-similar action with Λ strongly connected, and
Proof. Let w ∈ Λ 0 . Since Λ is strongly connected, there exists λ ∈ vΛw ( [14] ). Let h := g| λ . Then for any x ∈ wΛ ∞ , we have
So we are done.
Lemma 4.4. Let Λ be a self-similar action with Λ strongly connected, and
Proof. Fix w ∈ Λ 0 arbitrarily. Since Λ is strongly connected, there exists
G,Λ for some g ∈ G and v ∈ Λ 0 . Then for any µ ∈ Λ p ′ , there exist unique h ∈ G and ν ∈ Λ q ′ such that (µ, h, ν) is a cycline triple; and similarly for any ν ′ ∈ Λ q ′ , there exist unique h ′ ∈ G and µ ′ ∈ Λ p ′ such that
Proof. Let µ ∈ Λ p ′ . As before, since Λ is strongly connected, there exists
is a cycline triple. The uniqueness follows from Lemma 4.1.
The second statement can be proved similarly.
By Proposition 4.5, there are a bijection θ p,q : Λ p → Λ q and a mapping φ p,q : Λ p → G such that (µ, φ p,q (µ), θ p,q (µ)) is cycline. When G is trivial, it is easy to see that φ p,q is trivial and that θ p,q is nothing but the one defined in [14, Lemma 5.1].
Proposition 4.7. Suppose that (G, Λ) is a pseudo free and locally faithful self-similar action with Λ strongly connected. Then the following statements are equivalent:
Proof. 
is from the definition of G-aperiodicity of Λ.
4.2.
The periodicity group C*-algebra C * (Per G,Λ ). We are now ready to present the main results of this section.
Theorem 4.8. Suppose that (G, Λ) is a locally faithful self-similar action with Λ strongly connected. Then
Proof. The first equality easily follows from Lemma 3.3 and Proposition 4.5, and the second one is from Lemma 4.3.
To see that Per G,Λ is a subgroup of Z k , it is sufficient to show that Per G,Λ is closed under addition. For this, let p, q, m, n ∈ N k satisfy that for any
Theorem 4.9. Let Λ be a strongly connected k-graph with |Λ 0 | < ∞. Suppose that (G, Λ) be a locally faithful self-similar action. Then for any m, n ∈ N k with m − n ∈ Per G,Λ , the operator
Moreover, the unitaries V m,n share the following properties:
Proof. By Proposition 4.5, for any µ ∈ Λ m , there exist unique g µ ∈ G, ν µ ∈ Λ n such that (µ, g µ , ν µ ) is a cycline triple; and for any ν ∈ Λ n , there exist unique g ν ∈ G, µ ν ∈ Λ m such that (µ ν , g ν , ν) is a cycline triple. So
We compute that
In what follows, we show that V m,n is central in O G,Λ . First notice that for any λ ∈ Λ, we have
where the 2ed "=" used the simple fact that (
Now for any g ∈ G, we calculate that
It remains to show the last property of V m,n . For this, let p, q, m, n ∈ N k with m − n, p − q ∈ Per G,Λ . We compute that
and V p,q V m,n is unitary.
Theorem 4.10. Let (G, Λ) be a pseudo free and locally faithful self-similar action with Λ strongly connected and |Λ 0 | < ∞. Then
Proof. Let A := C * ({V m,n : m, n ∈ N k , m − n ∈ Per G,Λ }). Denote by {v z : z ∈ Per G,Λ } the set of generators of C * (Per G,Λ ). By the universal property of C * (Per G,Λ ) and Theorem 4.9, there exists a homomorphism ι : C * (Per G,Λ ) → A such that ι(v p−q ) = V p,q whenever p, q ∈ N k with p − q ∈ Per G,Λ . By [6, Proposition 4.1.9], there exists a faithful expectation (actually, a faithful tracial state) 
So the restriction of E 2 to A is also an expectation. Since ι
A simple but useful observation about periodicity unitaries is the following identities:
Cartan Subalgebras of O G,Λ
Let (G, Λ) be a pseudo free and locally faithful self-similar action with Λ strongly connected and |Λ 0 | < ∞. In this section, we will find a canonical Cartan subalgebra for the self-similar k-graph C*-algebra O G,Λ by invoking the very useful criterion given by Brown-Nagy-Reznikoff-Sims-Williams in [5] . To be more precise, we show that the self-similar cycline subalgebra M G,Λ of O G,Λ is Cartan (Theorem 5.6), which turns out to be the tensor product of the group C*-algebra C * (Per G,Λ ) with the diagonal subalgebra D Λ (Theorem 5.7). These results will play a central role in computing the KMS states of O G,Λ later.
Definition 5.1. Let Λ be a self-similar k-graph over a group G with |Λ 0 | < ∞. The self-similar cycline subalgebra M G,Λ is defined as the C*-subalgebra of O G,Λ generated by s µ u g s * ν with (µ, g, ν) cycline:
Let Λ be a pseudo free self-similar k-graph over a group G, and Iso(G G,Λ ) o be the interior of the isotropy of
Proof. We notice that
Lemma 5.3. Let Λ be a pseudo free and locally faithful self-similar k-graph over a group G. Then Iso(G G,Λ ) o is abelian.
Proof. Let (µ, g, ν) and (α, h, β) be two cycline triples, x ∈ s(ν)Λ ∞ , and y ∈ s(β)Λ ∞ . Notice that νx = α(h · y) if and only if βy = µ(g · x). Suppose that νx = α(h · y). So in order to prove that (µ(g · x);
which is equivalent to
by [21, Lemma 5.1] . Thus one has to show
To do so, let 
is not closed, which is a contradiction. Hence there exist no µ, ν ∈ Λ, g ∈ G, x ∈ s(ν)Λ ∞ with s(µ) = g·s(ν) satisfying Conditions (1)-(2).
We now prove the converse statement. Fix µ, ν ∈ Λ, g ∈ G, x n , x ∈ s(ν)Λ ∞ with s(µ) = g · s(ν) and
Proposition 5.5. Let (G, Λ) be a pseudo free and locally faithful self-similar action with Λ strongly connected. Then Iso(G G,Λ ) o is closed.
Proof. To the contrary, assume that Iso(G G,Λ ) o is not closed. Then there exist µ, ν ∈ Λ, g ∈ G, x ∈ s(ν)Λ ∞ with s(µ) = g · s(ν) satisfying Conditions (1)-(2) of Proposition 5.4. Then there is p ∈ N k such that (µ(g · x(0, p)), g| x(0,p) , νx(0, p)) ∈ C G,Λ , but there exists λ ∈ x(p, p)Λ such that 0, p) ). By Lemma 3.3 and Proposition 4.5, there are unique h ∈ G and ω ∈ Λ d(ν)+p such that (µ(g · x(0, p)), h, ω) ∈ C G,Λ . One can check that (µg · (x(0, p)λ), h| h −1 g| x(0,p) ·λ , ωh −1 g| x(0,p) · λ) ∈ C G,Λ . It then follows from Lemma 4.1 that
Thus ω = νx(0, p) and g| x(0,p) · λ = h · λ. Then we have h| λ = g| x(0,p) | λ . The pseudo-freeness gives h = g| x(0,p) , and so (µ(g · x(0, p)), g| x(0,p) , νx(0, p)) ∈ C G,Λ . This is a contradiction. By Proposition 5.4, Iso(G G,Λ ) o is closed.
Theorem 5.6. Suppose that Λ is a strongly connected k-graph with |Λ 0 | < ∞, and that G is amenable. Let (G, Λ) be a pseudo free and locally faithful self-similar action. Then 
. Let µ, ν ∈ Λ and g ∈ G with s(µ) = g · s(ν), but (µ, g, ν) ∈ C G,Λ . We claim that Z (µ, g, ν) ∩ Iso(G G,Λ ) o = ∅. To the contrary, assume that Z (µ, g, ν) ∩ Iso(G G,Λ ) o = ∅. By Lemma 5.2 and the pseudo freeness, there exists λ ∈ s(ν)Λ such that (µ(g · λ), g| λ , νλ) ∈ C G,Λ . By Theorem 4.8, one has d(µ) − d(ν) ∈ Per G,Λ . Then by Proposition 4.5, there exist ω ∈ Λ d(µ) and h ∈ G such that (ω, h, ν) ∈ C G,Λ . So (ω(h · λ), h| λ , νλ) ∈ C G,Λ . By Lemma 4.1, we have that µg · λ = ωh · λ, implying µ = ω and g · λ = h · λ, and that g| λ = h| λ . The pseudo freeness further yields g = h. Thus, (µ, g, ν) ∈ C G,Λ , a contradiction. Therefore, Z(µ, g, ν) ∩ Iso(G G,Λ ) o = ∅. It follows from Lemma 5.2 and [21, Theorem 5.9] that E(s µ u g s * ν ) = 0 if (µ, g, ν) ∈ C G,Λ . Theorem 5.7. Suppose that Λ is a strongly connected k-graph with |Λ 0 | < ∞, and that G is amenable. Let (G, Λ) be a pseudo free and locally faithful self-similar action.
So there exists a surjective homomorphism f : C * (Per G,Λ ) ⊗ F → B by [6, Proposition 3.3.7] . We claim that f is also injective. To prove this, for v ∈ Λ 0 and p ∈ N k , let
. A similar argument used in the proof of [11, Lemma 8.1] yields that the re-
KMS States of O G,Λ
Let G be an amenable group, and Λ a strongly connected finite k-graph. Suppose that (G, Λ) is a pseudo free and locally faithful self-similar action which satisfies the finite-state condition. In this section, we will achieve our main goal of this paper -characterizing the KMS simplex structure of the self-similar k-graph C*-algebra O G,Λ (Theorem 6.12). It turns out that the KMS simplex of O G,Λ is affinely isomorphic to the tracial state space of the C*-algebra of the periodicity group Per G,Λ if the Perron-Frobenius eigenvector of Λ preserves the G-action on Λ 0 , and empty otherwise. This generalizes the main result of [14] for strongly connected finite k-graphs C*-algebras (i.e., when G is trivial). 6.1. Basic properties. In this subsection, we recall the notion of KMS states from [2] (also see [8, 24] ), and give some basic properties of KMS states for O G,Λ .
Definition 6.1. Let A be a C*-algebra, α be an action of R on A, and A a be the set of all analytic elements of A. Let 0 < β < ∞. A state τ of A is called a KMS β state of (A, R, α) if τ (xy) = τ (yα iβ (x)) for all x, y ∈ A a .
Let γ :
Let r ∈ k i=1 R. Define a strongly continuous homomorphism α r : R → Aut(O G,Λ ) by α r t := γ e itr . Notice that, for µ, ν ∈ Λ, g ∈ G with s(
is an entire function. So s µ u g s * ν is an analytic element. By Proposition 2.6, in order to check the KMS β condition, it is sufficient to check whether it is valid on the set {s µ u g s * ν : µ, ν ∈ Λ, g ∈ G, s(µ) = g · s(ν)}. In this subsection, we study basic properties of KMS β states of the one-parameter dynamical system (O G,Λ , R, α r ).
Recall from Proposition 2.6 that O Λ naturally embeds into O G,Λ . So we regard O Λ as a C*-subalgebra of O G,Λ below.
Proof.
Let y := (φ(s v )) v∈Λ 0 . It follows that for 1 ≤ i ≤ k, T e i y = e βr i y. By Theorem 2.1, βr = ln(ρ(Λ)) and x Λ = y. So for µ ∈ Λ, we have
By Theorem 2.1, one has φ| D Λ = φ Λ . This proves (i) and (ii) simultaneously. Finally, for v ∈ Λ 0 , g ∈ G, we compute that φ(s g·v ) = φ(s g·v u g|v u * g ) = φ(u g s v u * g ) = φ(s v ), proving (iii). Remark 6.3. Proposition 6.2 (i) says that whenever β ∈ (0, ∞) is given, r is uniquely determined in order to satisfy the KMS β condition for (O G,Λ , R, α r ). Also, to ensure that the KMS β simplex of (O G,Λ , R, α r ) is nonempty, it follows from Theorem 2.1 and Proposition 6.2 (ii)-(iii) that the PerronFrobenuous eigenvector x Λ of Λ has to preserve the action of G on Λ 0 :
Furthermore, for any β 1 , β 2 ∈ (0, ∞), the KMS β 1 simplex of (O G,Λ , R, α r 1 ) is affinely isomorphic to the KMS β 2 simplex of (O G,Λ , R, α r 2 ) (also refer to [14, Section 7] ).
Therefore, throughout the rest of this paper, we assume that β = 1 (and so r = ln(ρ(Λ))),
That is, we compute the KMS 1 states of the preferred dynamical system (O G,Λ , R, α ln(ρ(Λ)) ). As mentioned in the introduction section, these KMS states are simply called the KMS states of O G,Λ .
Auxiliary results.
Some auxiliary results will be given in this subsection in order to compute the KMS states of O G,Λ . This subsection is heavily motivated from [14] .
In what follows, Λ is a strongly connected finite k-graph, and (G, Λ) is a pseudo free locally faithful self-similar action satisfying the finite-state condition.
Recall that, for µ, ν ∈ Λ, let
Proof. The proof is completely similar to [14, Lemma 8.3] .
Let m ′ = (m − n) ∨ 0 and n ′ = (n − m) ∨ 0. Then m = m ′ + p and
This implies Λ min (µ ′ g · λ, ν ′ λ) = ∅, and so Λ min (µg · λ, νλ) = ∅.
Then it is easy to see that λ g i ,v i satisfy the required conditions.
Proof. Let (p, q) ∈ N k be such that (p, q, G) ∩ Σ G,Λ = ∅. Since ϕ satisfies the finite-state condition, the set F := {g| µ : µ ∈ Λ} is finite. Notice that (m, n, h) ∈ Σ G,Λ for any h ∈ F and m, n ∈ N k with m − n = p − q by Lemma 4.4. By Lemma 6.5, there exist a ∈ N k \ {0} and {λ h,v ∈ vΛ a } h∈F,v∈Λ 0 such that for any µ, ν ∈ Λ with s(µ) = h·s(ν), s(ν) = v and
Again by Theorem 2.1,
Clearly, the inequality (4) holds true for n = 0. Suppose that its holds true for n ≥ 1. Then we prove the inequality for n + 1. Indeed,
(by inductive assumption). Thus (4) is proved for all n ∈ N.
In Lemma 6.6, since (p, q, G) ∩ Σ G,Λ = ∅, one necessarily has p = q. The following lemma essentially handles with the case of p = q. Lemma 6.7. Let ν ∈ Λ and g = h ∈ G. Then there exist a ∈ N k \ {0} and 0 < K < 1 such that
Proof. For any v ∈ Λ 0 and λ ∈ Λ with g| λ = h| λ , there exists ω ∈ v(Λ \ Λ 0 ) such that g| λ · ω = h| λ · ω as (G, Λ) is locally faithful. Since (G, Λ) satisfies the finite-state condition, the set F := {(g| λ , h| λ ) : λ ∈ Λ, g| λ = h| λ } is finite. Then there exist a ∈ N k \ {0} and
As before, we show that (6) holds true for n + 1 under the inductive assumption that it holds true for n. We compute that
(by Theorem 2.1)
We are done.
The following lemma can follow from some properties of states combining with Theorem 5.7 and Proposition 6.2. But we prove it by invoking the Perron-Frobenius theory directly.
Lemma 6.8. Let φ be a KMS state on O G,Λ and let V p,q be a periodicity unitary defined in Theorem 4.9. Then φ(
By Theorem 2.1, y = cx Λ for some c ∈ C. Notice that
6.3. The KMS simplex of O G,Λ . Let G be an amenable group, and Λ be a strongly connected finite k-graph. Suppose that (G, Λ) is a pseudo free and locally faithful self-similar action which satisfies the finite-state condition.
In this section, we will completely describe the structure of the KMS simplex of (G, Λ). But a general lemma is given first.
Lemma 6.9. Let Λ be a self-similar k-graph over G. Then, for any cycline triple (µ, g, ν), we have s µ s * µ = s ν s * ν .
Proof. Let (µ, g, ν) be a cycline triple. Then we compute that
Theorem 6.10. Let G be an amenable group, Λ be a strongly connected finite k-graph, and (G, Λ) be a pseudo free and locally faithful self-similar action which satisfies the finite-state condition. If φ is a KMS state on O G,Λ , then for any µ, ν ∈ Λ, g ∈ G with s(µ) = g · s(ν), we have
Proof. We divide the proof into two cases.
By Proposition 6.2 and Lemma 6.6, there exist a ∈ N k \ {0} and 0 < K < 1, such that for any n ∈ N, we have
So for any n ∈ N, we calculate that
(by the Cauchy-Schwarz inequality)
(by Theorem 2.1 and Proposition 6.2)
. By Proposition 4.5, there exist h ∈ G and λ ∈ Λ d(ν) such that (µ, h, λ) is a cycline triple. We split into three subcases.
Subcase 1. ν = λ. Then by Lemma 6.9, we have
where the 3rd "=" follows from the KMS condition.
Subcase 2. ν = λ and g = h. By Lemma 6.7, there exist a ∈ N k \ {0} and 0 < K < 1, such that for any n ∈ N, we have
Then for any n ∈ N, we calculate that 
is a cycline triple. Thus we have
This ends the proof. 
Proof. It is clear that S is a convex compact subset of the tracial state space of M G,Λ .
By Theorem 6.10 one can define a mapping Φ from KMS simplex of O G,Λ to S by Φ(φ) := φ| M G,Λ . Also, Theorem 6.10 implies that Φ is injective. It is enough to show that Φ is surjective. Fix φ ∈ S. By Theorem 5.6, there exists a faithful expectation E :
. We split into four cases. Case 1. ν = ν ′ and µ = µ ′ . Then
, g| λ h, µω) is a cycline triple if and only if so is (νλ,
is not a cycline triple. On the other hand, (φ • E)(s α u h s * β s µ u g s * ν ) = 0. Case 3. ν = ν ′ and µ = µ ′ . Similar to Case 2, we have (8) , and so it is a KMS state of O G,Λ . Clearly (φ • E)| M G,Λ = φ. Hence Φ is an affine isomorphism. 
, and we are done.
In general, Per G,Λ is a proper subgroup of {n ∈ Z k : ρ(Λ) n = 1} even for G-periodic Λ (see, e.g., [10] ).
The second application contributes one more item on the list of characterizing the G-aperiodicity of (G, Λ), which generalizes the corresponding parts [14, Theorem 11.1].
Corollary 6.14. The following are equivalent: 
Examples
In this section, we apply our results to compute the KMS states of several classes of self-similar k-graph C*-algebras O G,Λ under our standing assumption (3).
Unless otherwise stated, as in Section 6, let G be an amenable group, Λ a strongly connected finite k-graph, and (G, Λ) a pseudo free locally faithful self-similar action which satisfies the finite-state condition.
7.1. Strongly connected finite k-graph C*-algebras. Let G be the trivial group. Note that the assumption (3) is redundant in this case. Then Theorem 6.12 implies the main result of [14] for strongly connected finite k-graph C*-algebras.
Rational independence.
Theorem 7.1. Suppose that {ln(ρ(T e i ))} k i=1 is rationally independent. Then there exists a unique KMS state on O G,Λ .
Proof. Since {ln(ρ(T e i ))} k i=1 is rationally independent, we have that {n ∈ N k : p, q ∈ N k , ρ(Λ) n = 1} = {0}. By Corollary 6.13, Per G,Λ = {0}. Then, by Theorem 4.2, (G, Λ) is G-aperiodic. By Theorem 6.14, there exists a unique KMS state on O G,Λ .
7.3. The degenerate property. Definition 7.2. A self-similar action (G, Λ) is said to have the degenerate property if for any g ∈ G, any v ∈ Λ 0 , there exists µ ∈ vΛ such that g| µ = 1 G . Theorem 7.3. Suppose that (G, Λ) satisfies the degenerate property. Then (i) Per G,Λ = Per Λ ; (ii) the KMS simplex of O G,Λ is affinely isomorphic to the tracial state space of C * (Per Λ ).
Proof. (i) Obviously, Per Λ ⊆ Per G,Λ . We show Per G,Λ ⊆ Per Λ . Let (µ, g, ν) ∈ C G,Λ . Since (G, Λ) satisfies the degenerate property, there exists λ ∈ s(ν)Λ such that g| λ = 1 G . Notice that g · (λs(λ)) = (g · λ)s(λ). So s(g · λ) = s(λ). Then for any x ∈ s(λ)Λ ∞ , we have
Thus (µ(g · λ), νλ) ∈ C Λ . Therefore Per G,Λ ⊆ Per Λ .
(ii) This follows immediately from (i) above and Theorem 6.12.
7.4. Products of odometers C*-algebras. In this subsection, let Λ be a single-vertex k-graph. A product of odometers is a self-similar action (Z, Λ) defined below:
Then one can check that (Z, Λ) is pseudo free, locally faithful, satisfies the finite-state condition and the degenerate property.
Remark 7.4. When k = 1, the example above is the classical odometer and the KMS states of O Z,Λ was studied by Laca-Raeburn-Ramagge-Whittaker in [18] . When k = 2, this example was constructed by Brownlowe-RamaggeRobertson-Whittaker in terms of Zappa-Szép products of semigroups in [7] . For general k, we studied the properties of O Z,Λ intensively in [20] .
The theorem below gives the periodicity group Per Z,Λ explicitly, which provides an extremal case in the periodicity theory (cf. Corollary 6.13). The approach used in the proof below is indirected. A direct approach is given in Appendix A.
Theorem 7.5. Let n := (n 1 , . . . , n k ). Then
Proof. Notice that ρ(Λ) = n. By Corollary 6.13 and Theorem 7.3, it remains to show {p ∈ Z k : n p = 1} ⊆ Per Λ . If Per Λ = {0}, then by Theorem 6.14, O G,Λ is simple. By [20, Theorem 5.12] , {ln n i } k i=1 is rationally independent, which gives {p ∈ Z k : n p = 1} = {0} too. So we may assume that Per Λ = {0}. To the contrary, assume that Per Λ {p ∈ Z k : n p = 1}.
be a basis of Per Λ , and p 0 − q 0 ∈ {p − q : p, q ∈ N k , ρ(Λ) p = ρ(Λ) q } \ Per Λ . We may assume that p i ∧ q i = 0 for all 0 ≤ i ≤ s by properties of Per Λ .
Inspired by [9] , there exists a representation π :
One can verify that, for any 0 = p, q ∈ N k with p ∧ q = 0 and n p = n q , there exists a unique bijection ρ : Λ p → Λ q such that π(s µ − s ρ(µ) ) = 0 for all µ ∈ Λ p . Furthermore, if p − q ∈ Per Λ , let θ p,q : Λ p → Λ q be the bijection given in Remark 4.6 (in the case that G is trivial). Then, by [11, Theorem 7 .1], for any µ ∈ Λ p and ν ∈ Λ q , we have µν
For 0 ≤ i ≤ s, denote by ρ i : Λ p i → Λ q i the map we just described and denote by a unitary
. Then I ⊆ ker π. But by [11, Theorem 8.3] , O Λ /I is simple. So ker π = I. In particular,
By Theorems 6.12 and 7.5 we have Corollary 7.6. The KMS simplex of O Z,Λ is affinely isomorphic to the tracial state space of C * ({p ∈ Z k : n p = 1}).
7.5. Unital Katsura algebras. Let Λ be a 1-graph such that T e 1 (v, v) ≥ 2 for all v ∈ Λ 0 . For v, w ∈ Λ 0 , if T e 1 (v, w) = 0, we list the edges from w to v as vΛ e 1 w := {(v, w, n) : 0 ≤ n < T e 1 (v, w)}.
Let B ∈ M Λ 0 (Z) satisfy the following properties:
• B(v, v) = 1 for all v ∈ Λ 0 ;
• |B(v, w)| ≤ T e 1 (v, w) for all v, w ∈ Λ 0 ;
• B(v, w) = 0 ⇐⇒ T e 1 (v, w) = 0 for all v, w ∈ Λ 0 . We construct a self-similar action (Z, Λ) using B as follows:
• g · v = v for all g ∈ Z and v ∈ Λ 0 .
• For g ∈ Z, v, w ∈ Λ 0 with T e 1 (v, w) = 0, and 0 ≤ m < T e 1 (v, w), let h ∈ Z and 0 ≤ n < T e 1 (v, w) be the unique integers such that gB(v, w) + m = hT e 1 (v, w) + n. Define g · (v, w, m) := (v, w, n) and g| (v,w,m) := h.
Then one can check that (Z, Λ) is pseudo free, locally faithful, and satisfies the finite-state condition and the degenerate property.
Remark 7.7. Katsura in [16] constructed a unital C*-algebra O Te 1 ,B which is the universal C*-algebra generated by a family of mutually orthogonal projections {q v } v∈Λ 0 , a family of partial unitaries {r v } v∈Λ 0 with r * v r v = r v r * v = q v , and a family of partial isometries {t v,w,z : T e 1 (v, w) = 0, z ∈ Z} satisfying the following properties:
(i) t v,w,z r w = t v,w,z+Te 1 (v,w) and r v t v,w,z = t v,w,z+B(v,w) for all v, w ∈ Λ 0 and z ∈ Z with T e 1 (v, w) = 0; (ii) t * v,w,z t v,w,z = q w for all z ∈ Z and v, w ∈ Λ 0 with T e 1 (v, w) = 0;
(iii) q v = {w∈Λ 0 :Te 1 (v,w) =0}
Te 1 (v,w) n=1 t v,w,n t * v,w,n for all v ∈ Λ 0 .
Exel-Pardo in [12] showed that O Z,Λ is isomorphic to O Te 1 ,B via the identifications s v → q v , s v,w,n → t v,w,n+1 , and u z → ( v∈Λ 0 r v ) z for all z ∈ Z, v, w ∈ Λ 0 with T e 1 (v, w) = 0, and 0 ≤ n < T e 1 (v, w). 
Here n |u 0 | := 1 and n |v 0 | := 1.
Proof. We first show that the lemma holds true for p = q = 1. If |u 1 | = |v 1 | = 1, clearly (9) is satisfied by our assumption. Let assume that (9) holds true for |u 1 | = 1 and |v 1 | ≤ L. Let 1 ≤ j = i 1 ≤ k. Then
where
Then multiply the second identity above by n |v 1 | j 1
and then add it to the first one above yields
This proves the lemma for u 1 ∈ Λ e i 1 and any v 1 ∈ Λ j 1 . Apply induction again to get that the lemma holds any u ∈ Λ i 1 and v ∈ Λ j 1 .
A similar argument applies to general p, q ∈ N. To see the uniqueness solution of (9) 
